A two-dimensional synthetic jet is studied numerically by solving the incompressible, unsteady, Reynolds-averaged, Navier-Stokes equations and using a k-⑀ turbulence model. Rather than a resonant cavity, the synthetic jet is supplied by a fully developed channel flow. Results for two exit geometries, a sharp exit and a rounded exit, and several dimensionless stroke lengths are compared. This study focuses on the effect of the displacement amplitude ͑stroke length͒ on the power required to form the jet, the net momentum flux downstream of the exit, the formation threshold, and the spatial development of the synthetic jet. It is shown that the channel flow development length, the self-similar region, and the region from which the jet draws fluid all scale on the stroke length. It is also demonstrated that the power required to form the jet increases with stroke length as does the resultant momentum flux. Finally, the power required to form a synthetic jet is significantly smaller for a rounded exit compared to a sharp-edged exit.
I. INTRODUCTION
A synthetic jet is formed when an oscillating flow exits into a larger space. A resonant cavity with a small orifice and a vibrating membrane is often used to produce a synthetic jet. Many numerical 1-4 and experimental [5] [6] [7] [8] studies of synthetic jets have been performed. Some of these results and their applications are summarized by Glezer and Amitay. 9 The orifice in all of these studies is short in the streamwise direction, making this length an important parameter. In addition, most experimental studies use a resonant device to create the jet, which limits their use to one or two narrow frequency bands. This makes it difficult to independently vary more than one dimensionless parameter.
In the current study, we examine a synthetic jet formed when a fully developed, oscillating, channel flow exits into an infinite space, thereby removing the orifice length parameter from the study. Smith and Swift [10] [11] [12] have performed experiments measuring a synthetic jet formed from a long channel with a rounded exit. They investigated the effects of the Reynolds number and the stroke length. In addition to presenting detailed field data, the current study is intended to extend those results to sharp exits.
More importantly, the present work will emphasize the roll of the displacement amplitude on the spatial development of synthetic jets. Despite the considerable amount or research in this area, most studies continue to use the exit cross-stream dimension ͑h or the diameter D͒ as the most important length scale, with some authors even pointing out the failure of the jets to scale on the exit dimension. 13 Smith and Glezer 5 showed that vortex trajectories scaled on stroke length. ͑Note that they were not able to maintain fixed Reynolds number.͒ However, these authors stopped short of suggesting this as the most relevant length scale.
A preliminary version of this work can be found in Fugal et al. 14 and in more detail in Fugal. 15 The incompressible, Reynolds-averaged, Navier-Stokes equations are solved numerically for a fully developed, oscillating channel flow exiting into an infinite space. The Reynolds number of the flow is held constant while the stroke length is varied over a factor of 20 for two different exit radii. The dimensionless parameters of the oscillating flow and jet are defined, followed by a description of the numerical model used to generate the data. These are followed by results.
II. FLOW PARAMETERS
The geometry of the flow under consideration is shown in Fig. 1 . The channel is of width h and exit radius r. Two different geometric configurations are used, r / h = 0 and r / h = 1. The streamwise direction x is measured from the start of the radius and the cross-stream dimension y is measured across the channel as shown. The oscillating volume flow V is imposed at the bottom of the channel.
The volume flow within the channel is harmonic in time, and as a result of the incompressible assumption, constant in x. A cross-stream mean streamwise velocity u 0 is defined as the volume flow rate divided by the width of the channel u 0 ϵ V / h. A harmonic cross-stream mean velocity may be expressed in the form u 0 = u max sin͑t͒ where u max represents the maximum mean velocity and =2f is the cyclic driving frequency. The stroke length L 0 ͑or displacement amplitude͒ is the distance a fluid particle in the channel with the mean velocity travels during one half of the cycle,
where T is the driving period. For sinusoidal volume flow rate, 
In the present study, Re ␦ is held constant so Re h is inversely proportional to L 0 / h.
III. NUMERICAL MODEL
The pressure-based finite-volume code FLUENT ͑Fluent Inc., Lebanon, NH͒ was used to solve the two-dimensional, incompressible, unsteady, Reynolds-averaged Navier-Stokes equations ͑URANS͒. Turbulence closure was achieved using a standard k-⑀ model. The accuracy of the model has been previously demonstrated for oscillatory boundary-layer flows, which occur in the channel region of the present study. 17 A second-order-accurate upwind method was used for interpolation of variables to cell faces. Temporal discretization was achieved using a second-order-accurate implicit method.
Pressure-velocity coupling utilized the semi-implicit method for pressure linked equations-consistent ͑SIMPLEC͒ method. The geometry and boundary conditions are shown in Fig. 1 . The centerline of the jet was modeled using a symmetry boundary condition. The lateral and streamwise exit boundaries were modeled using constant pressure boundary conditions. Wall functions were specified on the no-slip walls. The inlet boundary consisted of a harmonic, top-hat velocity profile u 0 = u max sin͑t͒, with the temporal discretization specified to provide 160 time steps per period. The length of the channel was set to three stroke lengths. This allowed for one L 0 of channel for the velocity profile to adjust to a realistic shape, while still having a full L 0 of channel which exhibited fully developed oscillating flow ͑i.e., a profile shape that is invariant in x͒ upstream of the "entrance region" ͑−L 0 Ͻ x Ͻ 0͒. With the exception of y-direction discretization across the channel, the number of grid points specified was dependent on the stroke length. Within the channel region Ϸ30L 0 / h grid points were used in the x direction and 25 grid points were used in the y direction with clustering toward the channel exit. The extent of the computational domain downstream of the channel ͑the region into which the synthetic jet exhausts͒ was specified as 3L 0 in the x direction and 1.5L 0 in the y direction. This domain size was sufficient to capture the main structure of the flow, and is sufficiently long that, under the conditions of the present study, a steady jet forms. Over this portion of the domain, Ϸ20L 0 / h grid points were used in the x direction, and 16L 0 / h in the y direction. Several time-averaged quantities ͑e.g., centerline velocity͒ were monitored for the baselevel case, L 0 / h =9, Re ␦ = 1000, and it was found that 64 cycles were required to ensure convergence over extent of the domain. ͑Convergence was achieved more rapidly at smaller streamwise distances.͒ Therefore, all data reported are for the 64th cycle. The influence of grid density and domain size were also studied for the base-level case, the results of which are presented in Sec. IV.
Finally, we note that the dimensionless parameters L 0 / h and Re ␦ were varied by changing the frequency of oscillation and the viscosity of the fluid to generate cases with the same Re ␦ , and u max but unique L 0 / h.
IV. RESULTS
From the numerical results, the pressure and velocity are known as a function of space and time. This information was used to determine channel entrance lengths, the power required to form the jet, the net momentum produced by the jet, and various other quantities.
A. Model validation
In the region −L 0 Ͻ x Ͻ 0.1 there is insignificant crossstream variation in pressure so it can be expressed as a function of x and t only. ͒ are also in excellent agreement with their experiments. However, agreement during the suction portion of the cycle is less favorable. We also note that cycle-averaged quantities are compared with results from the experiments of Smith and Swift 12 below and good agreement is found. In addition to validation against existing experimental results, studies were performed to establish solution independence with respect to domain size, grid resolution, and time step. In particular, verification tests were performed for the base-level case L 0 / h =9, Re ␦ = 1000. Results, in terms of stagnation point location, and integral quantities Ė exit , dĖ / dx and J x are presented in Table I . To summarize these findings, doubling the number of grid points in each direction resulted in changes in the stagnation point location and integral parameters of 6% or less. Doubling the domain size in each direction also resulted in changes of 6% or less. Halving the time step resulted in changes of 3% or less. Consequently, the base-level grid, time step, and domain size were considered adequate for the calculations presented herein.
B. Effect of exit radius
It has been shown that there is a dimensionless stroke length threshold, ͑L 0 / h͒ t , dependent on the exit radius, below which a synthetic jet will not form. 10, 18 For stroke lengths smaller than ͑L 0 / h͒ t the same fluid moves in and out of the channel at the exit. It was also reported that a radius at the exit delays synthetic jet formation until larger L 0 / h. In the present study, it is found that for a rounded exit, ͑L 0 / h͒ t Ϸ 10 while for a sharp exit ͑L 0 / h͒ t Ϸ 2. The effect of the radius can be seen in the streamline maps of Fig. 3 in which a radiused case is compared to a similar sharp-edged case at four points in the cycle. Note that the streamwise origin is the beginning of the exit radius, where the vortex rollup begins. At t / T = 0.25, the rollup of the vortex pair is nearly complete for r = 0, but has hardly begun in the r / h = 1 case. This is due to a delay in the separation from the exit plane. Also, the channel is effectively wider at the point of separation compared to the r = 0 case, making the dimensionless displacement effectively smaller. By t / T = 0.375, the vortex pair has left the exit plane for r = 0, but not for r / h =1. In fact, for the rest of the cycle, the rounded case resembles a lower stroke-length sharp-edged case. Note that the offset in the vortex locations is larger than the exit radius, and is thus not due to our choice in origin.
In Fig. 4 , contours of vorticity are shown for four synthetic jets. The location ͑scaled on L 0 ͒ of each vortex is similar for a wide range of stroke lengths ͑recall that the vortex trajectory has been shown 5 to scale with L 0 / h͒. A fourth case with a rounded exit is also shown to further demonstrate that radiusing the exit delays the formation of the vortex pair.
C. Acoustic power
The acoustic power for an oscillating flow Ė is the period average of the product of the volume flow rate and the pressure,
where p is the pressure at any point within the channel. The acoustic power and dĖ / dx for two cases with the same stroke length but different exit radii are shown in Fig. 5 as a function of x. In both cases, Ė has a constant slope in the middle of the channel. It is this condition that we will call "fully developed" in this paper. When fully developed, the pressure amplitude and thus the acoustic power decays linearly due to wall friction, similar to steady flow. The power required to drive the flow through the exit is determined by extrapolating the acoustic power from the linear region to the exit. Since this extrapolated value represents the power required to form the jet, Fig. 5 shows that much more acoustic power is required to form the jet with a sharp exit than for a rounded exit. This is discussed further below ͑cf. the discussion of Fig. 8͒ .
For the sharp edge, the acoustic power increases for a short length near the exit then drops back down, while the round edge geometry does not exhibit this behavior. This increase in power, which seems to violate the first law of thermodynamics, is a result of applying a one-dimensional model of acoustic power to a two-dimensional flow. The exit region has significant cross-stream gradients in the pressure which are not accounted for in the one-dimensional model ͓Eq. ͑3͔͒. Because the power at the exit is extrapolated from the central region where the flow is more accurately described as one dimensional, the acoustic power at the exit is a valid estimate of the required driving power. The slope of the acoustic power in the fully developed region is a measure of the viscous loss associated with the oscillatory motion. In the channel, this slope is found to become more negative as the stroke length increases as shown in Fig. 6 . The acoustic power slope is analogous to the linear pressure drop observed in a steady, smooth, turbulent channel flow. The Darcy friction factor can be approximated from the Moody diagram as
͑4͒
The comparable dimensionless acoustic power slope is then f d / 8, and is shown in Fig. 6 . Good agreement is found between this approximation and the numerical results, indicating the change is primarily due to the decrease in Re h as L 0 / h increases.
An issue that arises often in synthetic jets and other oscillating flows is the flow development length. That is, how long must a pipe or channel be in order to ensure that the flow is fully developed and no longer a function of x? An upper limit must be the stroke length, since the flow reverses after traveling this distance. The acoustic power inside the channel in the current simulations provides a measure of flow development length. As discussed above, oscillating channel or pipe flow results in linearly decreasing acoustic power. Any departure from this behavior is due to entrance/exit effects. The acoustic power slope for r =0, Re = 1000, and various stroke lengths is shown in Fig. 7 . For the smaller stroke lengths, vorticity is reingested during the suction stroke resulting in a complicated variation of the acoustic power slope. However, it is clear that in every case, the linear variation in Ė ͑and thus the constant value of dĖ / dx͒ begins at x =−L 0 . We therefore conclude that the entrance length for oscillating flow is the stroke length. This is contrary to the conclusion of Yamanaka et al., 21 who based entrance length on pipe diameter. However, based on their data, full development corresponded to one stroke length.
The acoustic power flowing from the exit is the power required to form the jet. This power must be supplied by the driver of a synthetic jet actuator. The required power is plotted as a function of stroke length in Fig. 8 . Experimental data from Smith and Swift 12 are also included. This plot shows a minimum in the power required to form the jet for both the sharp and rounded geometries. For stroke lengths above 7, the experimental and numerical results show close agreement, which indicates the numerical model is accurately predicting the flow through the exit. The deviation between the model and the experiments at low stroke lengths is likely due to the failure of the numerical model to accurately predict separation from the rounded exit.
The higher acoustic power required with the sharp exit is due to losses during the suction portion of the cycle. A radius is known to significantly reduce the steady loss associated with a sharp entrance. 22 For steady flow the blowing loss can 
D. Momentum flux
In most applications, the desired output from a synthetic jet actuator is momentum flux. We will therefore compare the power required to form the jet to the resultant momentum flux. The period averaged momentum flux per unit mass J is
We normalize this by a characteristic momentum flux, J 0 = u max 2 h / 2, which represents J for the case of a top-hat velocity profile and sinusoidal flow. The momentum flux of a synthetic jet is not invariant with downstream distance, as is the case with a steady turbulent jet. 24 In fact there is a rapid decline in J between the jet exit and x / L 0 = 0.05 as shown in Fig. 9 . Far downstream from the exit, J becomes constant, indicating the flow in no longer influenced by the adverse pressure gradient near the exit, and is similar to a steady jet.
Smaller stroke lengths initially have higher momentum flux than the larger stroke lengths. In each case, there is a very rapid decrease in J near 0.3Ͻ x / L 0 Ͻ 0.5, with the change occurring earlier for the smaller stroke lengths. Interestingly, for every case, this rapid decline ends at x = 0.6L 0 . Beyond this distance, the momentum flux is nearly constant. We will call this value the final momentum flux J f .
The final momentum flux of the synthetic jet is shown as a function of stroke length in Fig. 10 . A comparable steady jet would have J f / J 0 = 0.5 since only half of the cycle is blowing. As the stroke length increases, J f / J 0 increases to a value of 0.41. The difference between this value and the expected steady value is a result of the suction decreasing the momentum flux. As the stroke length becomes larger ͑corre-sponding to a dimensionless frequency of zero͒, the momentum flux is expected to asymptote to 0.5.
The exit geometry is also observed to have a strong effect on the downstream momentum flux. As discussed above and previously, 10 formation of a synthetic jet requires a larger stroke length for the rounded exit. A sharp exit produces a jet with a higher momentum flux than a round exit. This is a result of the fluid decelerating around the radius, 
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E. Self-similar synthetic jets
A theoretical steady turbulent plane jet analysis results in self-similar velocity profiles and constant momentum flux if an assumption of zero pressure gradient is made. 25 One would therefore expect that the streamwise gradient in the pressure goes to zero when momentum flux becomes constant. Figure 11 shows that indeed, for the same values of stroke length as in Fig. 9 , the pressure gradient vanishes near x / L 0 = 0.6. It is also clear from these data that the smaller stroke length cases experience stronger variations in the pressure in the streamwise direction, due the close proximity of the vortex pair to the exit when the suction stroke begins.
We expect, then, that the synthetic jet's behavior should approach that of a steady plane jet near x / L 0 = 0.6. A theoretical turbulent jet velocity profile can be found in White,
where U cl is the centerline velocity, = y / x, and is a constant estimated to be 7.67. The synthetic jet velocity profiles for Re ␦ = 1000, L 0 / h = 11, and r / h = 0 are shown in Fig.  12 at several streamwise locations. The cross-stream dimension is scaled by the jet's width b, which is the y location where u = 0.5U cl . A curve based on Eq. ͑6͒ and the most downstream location of the data is also shown. Most of the data seem to fit this profile close to the jet centerline ͑a similar result has been shown for axisymmetric synthetic jets 6 ͒, but this is a result of scaling on local variables. This can be shown by fitting Eq. ͑6͒ to the data to obtain and thus . A plot of as a function of downstream distance is shown in Fig. 13 . Clearly, near the exit, is not constant ͑as is required for similarity͒, but grows and becomes constant at a value somewhat below that for a steady jet ͑shown with a dashed line͒. The quality of the fit as measured by 2 is also shown. The theoretical curve represent the synthetic jet very well for x / L 0 Ͼ 0.6. It should be noted, however, that these simulations predict reverse flow at large y, which cannot be modeled by Eq. ͑6͒.
Self-similarity is also evident in the centerline timeaveraged velocity. At the exit of a synthetic jet, the timemean velocity averaged across the exit is zero. Far downstream, synthetic jets resemble continuous jets, with the centerline velocity decaying like a −0.5 power. Between these regions, the jet centerline velocity builds from zero to a peak near U max / .
5, 11 The domain over which this change occurs also scales on L 0 / h independent of Re as shown in Fig. 14 . Jets formed from a sharp edge ͑r =0͒, Re ␦ = 1000, and five stroke lengths are shown ͑thin lines͒. These are compared to a jet formed from an exit with r / h = 1 and L 0 / h =30 ͑thick line͒. Experimental data for r / h = 1.26 ͑Smith and Swift 11 ͒ and a sharp edge ͑Smith and Glezer 5 ͒ and several values of Re and L 0 / h are also shown for comparison. Two conclusions can be drawn from these data: ͑1͒ In every case except the L 0 / h = 80 experiment, the downstream location where the −0.5 power decay begins is x = 0.6L 0 and ͑2͒ For larger stroke lengths, the near-field velocity is larger, while the far-field velocity is lower. Some comments on the L 0 / h = 80 experimental case are in order. Synthetic jets are, at least initially, a vortex-dominated flow. Since it has been shown there is a limit to the circulation that can be imparted to a vortex pair before it leaves the exit plane, 26 it is reasonable to expect that synthetic jets formed with strokes much larger than this limit will behave differently. We conjecture that the vortex dynamics in this particular case are not significant resulting in a dramatically altered development.
F. Jet effectiveness
The effectiveness of a synthetic jet, , is defined as the ratio of a desired output J / J 0 to the required input Ė / hu max 3 . A plot of the jet effectiveness, Fig. 15 , shows a steep increase in with L 0 / h at low stroke lengths. At large L 0 / h the effectiveness peaks, and decreases slightly. Although a larger stroke is required to form the jet, the power required to form the rounded exit jet is significantly less than that required for a comparable sharp exit resulting in an effectiveness that is much larger. This suggests than an exit radius is desirable to form a synthetic jet with a minimal power requirement. 
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However, there is a range of stroke lengths ͑just above the round edge formation threshold, 10Ͻ L o / h Ͻ 18͒ for which the effectiveness of the rounded case is less than the sharpedged case. It should also be noted that there may be some undesirable side effects from the radius which will not be predicted by our model. Specifically, the elimination of the well defined separation point ͑e.g., the sharp edge͒ will likely result in considerable more variability in the vortex trajectories.
G. Stagnation point
As had been demonstrated previously 27 and as seen in the streamline maps in Fig. 3 , during the suction portion of the cycle, a stagnation point forms downstream from the exit.
The location of the stagnation point moves throughout the suction cycle, forming at the exit plane at t / T = 0.5 and moving downstream as the suction increases. The maximum downstream location occurs slightly after the peak of the suction cycle after which the stagnation point begins to return to the exit plane.
The size of the stream tube containing the fluid entering the channel impacts the velocity and thus the pressure near the exit plane. It may also be important to know the size of this domain when making measurements, since the flow on the centerline reverses at some point in the cycle for locations upstream of the stagnation point ͑note that flow reversal occurs much farther downstream off the centerline, cf. Fig.  17͒ . In flow control applications ͑e.g., Smith and Glezer 27 ͒, the size of the region from which the synthetic jet draws fluid may be of interest. The stagnation point location, which is located in between the vortex pair and the exit plane, is also an indicator of the domain over which the jet will develop. The location of the stagnation point at t / T = 0.75 as a function of dimensionless stroke length is shown in Fig. 16 . As the stroke length increases, the stagnation point moves downstream in a nearly linear fashion with a slope of 0.13, with little effect from the exit radius.
Particle paths ͑or pathlines͒ for a sharp-edged case are shown in Fig. 17 . The stagnation streamline is superimposed for reference. Only particles upstream of this stagnation streamline can be drawn into the channel, while all particles downstream are entrained in the resulting jet and move away from the exit. Some particles in the upstream region will never enter the channel as they are entrained in the jet during the blowing. All of the fluid that is drawn into the channel must come from the region between the exit plane and this streamline, but all of this fluid will not necessarily enter the channel. 
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V. APPLICABILITY OF RESULTS
It should be noted that the results presented here are for a single, large ͑turbulent͒ Reynolds number. For smaller Reynolds numbers, the flow may be laminar for a larger part of the cycle, and this may influence the synthetic jet results.
Also, these results are two dimensional ͑2D͒. Smith and Glezer 5 and Rizzetta et al. 1 have shown that synthetic jets with aspect ratios as large as 150 exhibit significant 3D effects that lead to the breakdown of the vortex pair. It is likely that these effects will modify downstream quantities such as the centerline velocity decay. We nevertheless believe the scaling we have demonstrated for 2D flows will hold in a 3D flow, as demonstrated by the experimental results included in Fig. 14 .
Finally, these result apply best to synthetic jet actuators with thick orifices. For a thin orifice, the thickness is an additional important parameter which was deliberately removed from the current study.
VI. CONCLUSIONS
The formation of a synthetic jet at a fixed Re ␦ has been simulated numerically for Re ␦ = 1000, 2 Ͻ L 0 / h Ͻ 40, and r / h = 0 and 1 is found to be dependent on the stroke length and exit radius. The near field of the synthetic jet is shown to scale on L 0 rather than h as is often assumed. Specifically, the following quantities are found to scale on L 0 .
͑1͒ The channel flow development length is L 0 . ͑Based on the location where the acoustic power slope becomes constant.͒ ͑2͒ The streamwise location where the synthetic jet becomes self-similar ͑e.g., begins to conserve momentum and starts a centerline velocity decay rate of −0.5 power͒ is x = 0.6L 0 .
͑3͒ The size of the region from which the synthetic jet draws fluid 0.13L 0 , independent of exit radius. Downstream of this location, there is no flow reversal on the centerline of the jet. This is an important result, since it shows that care must be taken when, for instance, acquiring data slightly downstream of the exit and inferring exit plane parameters from these data. The error incurred by doing so does not depend on the jet size ͑h͒, but rather on L 0 .
Additionally, the power required to form the jet is shown to increase with L 0 / h and is significantly lower for a rounded exit than a sharp exit.
In contrast to a steady jet, the momentum flux of a synthetic jet is not conserved, and the final momentum flux of the synthetic jet is significantly less than the momentum flux at the jet exit. The final momentum flux increases with the L 0 / h and is greater for the sharp exit geometry.
The jet effectiveness, defined as final momentum flux divided by power input, is shown to increase rapidly near the formation threshold, indicating a synthetic jet should be operated with L 0 / h Ͼ ͑L 0 / h͒ t . The effectiveness of the rounded exit surpasses that of the sharp exit jet for stroke lengths sufficiently larger than the formation threshold.
Finally, in spite of an inability to accurately predict separation from the rounded exit, these RANS simulations with the k-⑀ turbulence model match experimental values of power dissipation, channel velocity profiles, and centerline velocity very well. FIG. 17. The stagnation point and streamline at the peak of the suction stroke t / T = 0.75 for r =0, Re ␦ = 1000, and L 0 / h = 12 are shown in gray. Also, pathlines ͑black͒ for a rake of particles released at y / h = 3 and ͑a͒ t / T = 0.75. Symbols mark the locations where the particles lie over the next two cycles at times ͑᭺͒ t / T = 1.0, ͑ᮀ͒ t / T = 1.5, ͑᭝͒ t / T = 2.0, and ͑b͒ t / T = 2.5.
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